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Abstract

Many plutons have formed by repeated intrusion, with complex internal contacts characterized by sharp and di�use kinematic

and compositional domains. We performed numerical experiments of mixing following magma chamber recharge that explicitly
considers the ¯uid dynamics of multiphase mixtures. In the limit of zero di�usivity of intensive scalar quantities and low Stokes
number, mingling by ¯uid instability is equivalent to deformation, and persistent ¯uid structures are kinematic `attractors'.
Three distinct regimes are exempli®ed, and can be described by their multiphase Reynolds (or Grashof) number. For a Reynolds

number greater than about 100, an internal intrusive contact will collapse by internal wave-breaking, and chaotic magma
mingling and mixing yield a nearly chamber-wide strati®cation. This ¯ow may scour mushy regions at the walls and widely
distribute previously crystallized material. For Reynolds numbers from 10 to 100, the internal wave does not break, and the

strati®cation occupies less of the chamber, leaving islands of unmixed material. For Reynolds numbers around 1, internal
slumping and folding can occur, and is the most likely to be preserved by a mineral fabric. Internal, sub-vertical contacts require
a high absolute viscosity in the resident magma, representing a time-break between episodes of reintrusion. The shape of perched

ma®c domains captures the progress of sinking from higher levels into regions of increasing strength and crystallinity. 7 2000
Elsevier Science Ltd. All rights reserved.

1. Introduction

One of the primary objectives of the structural
analysis of plutonic rocks is to determine the dynamics
and relative timing of magma ascent and emplacement.
Regardless of the mechanism of magma ascent, many
granitoid plutonic bodies result from a process of pro-
gressive assembly by the accumulation of magma. Evi-
dence to support this notion comes from both
structural and geochemical studies of plutons (Harry
and Richey, 1963; Mahmood, 1985; Hill, 1988; Ram-
say, 1989; Shimizu and Gastil, 1990; Bergantz, 1991;
John and Stunitz, 1997; Macias, 1996; Paterson and
Miller, 1998; Yoshinobu et al., 1998). In regions of
putative melt generation and transport, sheet-like gran-
ite bodies have been reported (D'Lemos et al., 1992;

Brown and Solar, 1998; Sawyer, 1998), and these can
be heterogeneous mixtures of ma®c and felsic domains
(including restite) with a near-vertical aspect. These
observations motivate us to consider a number of
questions: What controls the dynamic mixing and min-
gling between magma batches during melt generation,
transport and ®nal emplacement? Can magma parcels
retain their identity during emplacement in a rheologi-
cally heterogeneous framework? How much mixing
will occur during reintrusion and interface collapse in
regions of repeated and long-lived magma input? What
stages of this process are recorded by a mineral fabric?

The identi®cation of distinct kinematic and compo-
sitional domains are central to addressing these ques-
tions. Both horizontal and near-vertical internal
contacts are commonly reported, and these are
expressed as both sharp and gradational internal con-
tacts (Bergantz, 1991). Contacts between structural-
compositional domains are of special interest as they
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are an explicit manifestation of the rheological and
dynamic contrasts and conditions just prior to solidi®-
cation. The interpretation of internal contacts is com-
plicated by the fact that plutonic rocks can carry
information from processes that might operate simul-
taneously: within magma chamber processes such as
convection, compaction and hyper-solidus ¯ow (Son-
nenthal and McBirney, 1998), syntectonic emplacement
(Saint Blanquat (de) and Tiko�, 1997) and open-sys-
tem processes such as reintrusion. In addition, Pater-
son et al. (1998) detail the di�culty of interpreting
magmatic fabrics, especially in regard to the timing of
the kinematic `memory' and caution against over-inter-
preting kinematic elements in plutonic rocks to eluci-
date dynamic processes of ascent and emplacement.

Two approaches are used for analysis and interpret-
ation of the magmatic assembly process: kinematic
analysis of rock fabric, broadly de®ned, and dynamic
analysis by forward modeling. The feed-back between
the distribution of solids and the structure of a devel-
oping ¯ow-®eld can be di�cult to predict. This is the
result of the two-way coupling where all the phases
mutually interact and in¯uence the ¯ow ®eld (Crowe,
1991; Vigneresse et al., 1996; Barboza and Bergantz,
1998). This has motivated the study of ¯uid±particle
interactions in simple systems to elucidate the dynami-
cal history of magma bodies. A number of experimen-
tal and numerical studies of multiphase ¯ow at low
Reynolds number (creeping ¯ow) illustrate di�ering
approaches and complexity (Freeman, 1985; Fernan-
dez, 1987; Blumenfeld and Bouchez, 1988; Ildefonse
and Fernandez, 1988; Ildefonse et al., 1992; Nicolas,
1992; Jezek et al., 1996; Arbaret et al., 1997; Fernan-
dez and Fernandez-Catuxo, 1997; Ildefonse et al.,
1997). The absence of a generality emerging from these
studies highlights the di�culty of using shape-preferred
orientations to uniquely describe even geometrically
simple ¯ows (Ottino, 1989).

The aim of the following sections is to elaborate on
the conditions, controls and geological implications of
multiple intrusion by magmas of similar composition,
but di�ering density due to variations in crystal con-
tent. Of special interest are the dynamics and preser-
vation of internal contacts in plutons. We develop
some scaling relationships and evaluate their utility
with a number of numerical experiments. The empha-
sis is on high-melt-fraction systems, which are likely to
be the most dynamic. A secondary goal is to demon-
strate the utility of numerical experiments of multi-
phase ¯ow as a means of ¯ow visualization in support
of structural analyses. It should be appreciated that
there is no `best' description of mixing ¯ows. They are
usually considered in terms of either discrete vortices
that stretch material lines by a rolling-up action, or a
hierarchical structure or cascade of scales of motion,
or even as structures such as ®laments or highly

stretched sheets. We will focus primarily on the vortex-
based description, as it is likely to be of the most use
in the interpretation of natural examples.

2. Previous work

Mixing can refer to the state of complete (molecular)
homogenization, but our use is not that restrictive. We
use the term mixing in the macroscopic sense to
describe any volume where mass associated with pre-
mixing volumes is shared. The formulation we develop
below is not capable of resolving mixing below the
scale that is a multiple of the largest grain. For
example, if a magma has crystals with a diameter on
the order of a millimeter, the smallest averaging
volume allowed by our approach would be on the
order of a centimeter. This limit is consistent with the
objectives given above, as we are primarily interested
in the temporal development of the largest scales of
¯ow; they are the most important in describing the dis-
tribution of phases and their orientation (Brown and
Roshko, 1974).

Mixing is used to describe the processes of the fold-
ing and stretching of material surfaces, or their two-
dimensional traces as lines. This is a consequence of
the thinning of material volumes and their dispersal as
a result of both shear and a process of sifting, which is
the mutual interpenetration of volumes of di�ering
mixture-density in a gravity ®eld. This results in a cre-
ation of surface area and reduction of length scales
that facilitates the smallest scales of mixing by molecu-
lar di�usion (Ottino et al., 1979). The physical volumes
that undergo mixing are de®ned by their interfaces,
and these can change shape and position with time.
These interfaces are usually considered to be passive or
active (Aref and Tryggvason, 1984). A passive inter-
face is a surface of markers carried on the ¯ow ®eld
without a�ecting the ¯ow ®eld itself. An active inter-
face is one that delimits volumes of di�ering physical
properties, and the presence of the deforming interface
creates a feedback into the ¯ow. Active interfaces can
bound regions of distinct kinematic character. The
metric of mixing is the local variation in the phase-
volume-fraction. The local phase-volume-fraction is
evaluated for a node whose minimum size is limited by
formal averaging rules (Celmins, 1988).

In this work I will focus on conditions of maximum
Reynolds number of O(103). As discussed below, this
is `sub-turbulent' ¯ow, as the Reynolds number is
below the mixing transition of O(104). The mixing
transition refers to the development of pervasive small
scale three-dimensional motion, and the value of the
Lyapunov exponent, which is a measure of the expo-
nential rate of increase in the surface area of an active
interface, is always positive. For a Reynolds number
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greater than the mixing transition, there are numerous
theories that relate the strain rate of the smallest eddy
to the value of the Lyapunov exponent. This stirring
produces what is known as `Eulerian chaos'. However,
we will focus on ¯ow at Reynolds number of O(1)±
O(103) as this is relevant for a variety of geological ap-
plications and also a parameter range where a general
model of the styles and e�ciency of mixing has been
elusive. Stirring that produces chaotic ¯uid pathlines at
low Reynolds number is called `Langrangian chaos'.
Our goal is not to provide a comprehensive framework
relating Reynolds number to Lyapunov exponent for
moderate Reynolds number ¯ow, but rather to o�er
qualitative insights into likely ¯uid structures that bear
on the interpretation of plutonic contacts and geo-
chemical zoning. Of additional interest are the phase
velocity-scales of the motion and controls on the time-
dependence of the ¯ow.

Mixing in enclosures has been extensively studied,
however few of these have considered the decay of po-
tential energy as an explicitly multiphase process. Rel-
evant works on mixing in enclosures as a result of
initial conditions or boundary forcing include those of
Danckwerts (1952), Bigg and Middleman (1974),
McEwan (1983a,b), Ottino (1989), Duval (1992),
Snider and Andrews (1994) and Linden et al. (1994).
These works are of particular interest to structural ge-
ologists as they pertain to the kinematic description of
a time-varying ¯ow ®eld. In the context of magma
chambers, some models for magma mixing emphasized
kinematic limits on complete homogenization (Sparks
and Marshall, 1986; Frost and Mahood, 1987). Analog
experiments have been a popular vehicle for visualizing
the processes of reintrusion by fountaining from a
narrow vent. The intrusion of magma chambers by
magma fountains with di�ering viscosity contrasts has
been considered by Campbell and Turner (1986). Hup-
pert et al. (1986) modeled a variety of styles of injec-
tion and subsequent mixing in chambers with di�ering
aspect ratios and conditions of strati®cation. These ex-
periments are especially instructive as to the styles of
strati®cation and entrainment that can occur during
both laminar and turbulent magma injection.

In a study that deserves more recognition, the nu-
merical experiments of Oldenburg et al. (1989) provide
the ®rst comprehensive assessment of time-dependent
mixing of magmas that result from changes in chemi-
cal potential rather than the forced stirring by foun-
taining. A variety of statistical measures of mixing
were introduced for application to magma mixing.
Oldenburg et al. (1989) invoked the Boussinesq
approximation, and this yields a system where the rate
of production of mechanical potential energy (buoy-
ancy) is explicitly coupled to the di�usion of scalar
potentials, and a dynamic steady-state can eventually
be realized with a loss of memory of initial conditions.

However, this study did not consider the magma as an
explicitly multiphase mixture, and our work comp-
lements and extends the simulations of Oldenburg et
al. (1989) by explicit consideration of multiphase pro-
cesses. In the models considered below, the potential
energy for mixing results from the decay of an initial
condition where the intrinsic density di�erence is
dominated by variations in solid fraction. The physical
boundaries are not scalar potentials of heat or mass,
but are sources of vorticity. So the ®nal state of the
simulations considered here is the complete decay of
mechanical potential energy. In other words, the mix-
ture Reynolds number starts out at zero, reaches some
maximum, and then decays to zero during one cycle of
(re)intrusion.

3. Scaling relations

Fig. 1 shows the geometry of the system of interest.
A resident magma with 30 vol.% crystals has been
intruded by another crystal-free magma of similar bulk
composition. This creates an unstable interface of
height H. The scales of the initial, inertially dominated
motion between the two bodies can be determined by
equating the change in potential energy to kinetic
energy, or more simply, by the di�erence in hydro-

Fig. 1. A diagram of the model of the intrusive system is shown. A

region of constant crystallinity is bounded on the left by the wall of

the crystallization front with roughness exaggerated, and on the right

by a strip of reintruded, crystal-free material. This is the starting

condition of Figs. 2±5.
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static pressure gradients to the initial velocity scale,

DP � �rr ÿ ri �gH, DP1 �ru2: �1�
This yields the usual hydraulic scaling for the local

average velocity u

u �
�����������
gHAt

p
, �2�

where g is the scalar acceleration of gravity and the
Atwood ratio for a multiphase mixture is de®ned by

At � rr ÿ ri

rr � ri

, rr � elrrlr � esrrsr, ri � elirli � esirsi: �3�

The subscript e is volume fraction, r and i are for
mixture quantities of resident and intrusive magma, re-
spectively, and l and s are liquid and solid and starred
variables refer to phase, not mixture, properties. The
time scale for this initial motion is

ti1

��������
H

gAt

s
, �4�

and the system Reynolds number is

ReH1Hu

�Z
� H

�Z

�����������
gHAt

p
� Gr1=2, �5�

where Gr is the Grashof number and the system kin-
ematic viscosity is de®ned as

�Z � mr � mi

rr � ri

, mr � elrm�lr � esrm�sr, mi � elim�li � esim�si: �6�

The Reynolds number used here is di�erent from
the one used in Huppert et al. (1986) as that Reynolds
number depends on the volume rate of reintrusion of
new material. The scale relations given above will hold
until the ¯ow is penetrated by the viscous e�ects from
the presence of the boundary. This will take place at a
time of order

tv1
H 2

�Z
: �7�

Dimensionless velocity and time can be obtained by
normalization with Eqs. (2) and (4), respectively.

Variations in the Reynolds number, or Grashof
number, re¯ect changes in the physical geological sys-
tem. For example, if the melt phase has a density of
2440 kg/m3, the solid phase a density of 2700 kg/m3 a
contrast in crystallinity of 30 vol.% yields an Atwood
ratio of 0.0157. For many applications of interest in
magmas, the Atwood ratio will be around 0.02. For a
liquid dynamic viscosity of 104 Pa s and an internal
contact height of 126 m, the Reynolds number would
be 100. If the viscosity is an order of magnitude higher

at the same vertical length scale, the Reynolds number
would be an order of magnitude lower.

In this study, heat transfer will be neglected. Tem-
perature can control the time-rate of decay of potential
energy by changing the density of the melt phase and
by in¯uencing the magma viscosity by changes in melt
composition and numbers of phenocrysts through
resorbtion and crystal growth. However, these are
minor as changes in melt composition and solid
volume fraction will have much more in¯uence than
temperature (explicitly) on viscosity and density. If
¯uid motion is su�ciently rapid, the within-phase
change of extensive quantities between the mixing
volumes can be ignored. It is important to note that
for a system in equilibrium, the spatial distribution of
the solids can be arbitrary (Hills and Roberts, 1988)
and so variations in local volume fraction that result
from ¯ow do not require any change in chemical po-
tential. The buoyancy associated with temperature
changes is much less than that associated with vari-
ations in crystallinity. For the examples considered
below, the mechanical potential energy associated with
the variations in crystallinity is an order of magnitude
greater than that associated with likely temperature
di�erences. In summary, the thermal ®eld is carried on
the ¯ow, as thermal di�usion is much less rapid than
the rate of advective transport. This is equivalent to
the high Peclet number assumption.

4. Numerical experiments

Numerical simulations are o�ered in support of the
scaling results given above and to illustrate the tem-
poral character of the ¯ow ®eld. The governing
equations and model assumptions are discussed in the
Appendix A. The model is an extension of the Euler-
ian±Eulerian two-phase model of Ni and Beckermann
(1991), which is a variation of the theories of Ishii
(1975), Hassanizadeh and Gray (1979) and Drew
(1983). This two-phase theory assumes that all space
can be occupied by both phases, and that the local
phase volume fraction is a continuous variable that
represents the existence probability of the phase in any
spatial volume that de®nes a stationary average.
Within this volume each phase has a distinct velocity,
but that velocity is single-valued for all local material
elements of that phase.

Five sets of simulations are given below, each illus-
trating a distinct dynamic regime following reintrusion.
All the simulations have the same initial con®guration
as shown in Fig. 1: A more dense, crystal-rich region
of resident magma on the left, and a less-dense, crys-
tal-poor, just-intruded magma on the right. This initial
condition is somewhat arbitrary, but as near-vertical
contacts are observed in nature, and chambers must be
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intruded by less dense material that will rise up against
a magma chamber roof, e.g. Hogan et al. (1998), this
initial condition is a reasonable one. The analog exper-
iments of Huppert et al. (1986) suggest that some
entrainment must have accompanied reintrusion to
produce this initial condition. We agree, but propose
to evaluate a simple case, as any assumptions are
equally arbitrary. Changing the initial density contrasts
to re¯ect some prior and unconstrained entrainment is
a trivial addition. We have evaluated the in¯uence of
having both resident and reintruded material be crys-
tal-bearing and it has virtually no impact on the gener-
alizations o�ered below if one (re)de®nes the scale
properties accordingly.

This con®guration in Fig. 1 is dynamically unstable
and the resident, denser, crystal-rich magma will slide
under the less-dense, intruded magma. It is this
exchange of position that leads to interface collapse
and mixing of the two volumes. The boundary con-

dition for the liquid phase is no-slip at the upper and
left-hand boundaries. Slip is allowed on the lower
boundary and the right wall. These regions of slip
imply that the right-hand boundary is a re¯ecting
boundary, and the bottom of the domain is perhaps a
region of deformable crystal mush. The boundary con-
dition for the tangential component of the solid phase
velocity is zero on the upper and left-hand boundary.
This is equivalent to assuming that the surface rough-
ness scale is greater than the diameter of the crystal,
e�ectively creating a trapping condition (Ding and
Gidaspow, 1990).

The ®rst case we will consider is the most dynamic
and illustrates many of the features associated with
time-dependent, chaotic mixing. Fig. 2(a)±(h) illustrate
the progressive folding and mixing that result from the
collapse of the intrusive contact. The contours are con-
stant liquid-volume-fraction. The system Reynolds
number is 1000, and the ¯ow is inertially dominated
during the most dynamic period. Fig. 2(a) and (b)
depict the start of interface collapse as the ¯ow-®eld
begins as a simple, counter-clockwise rotation. The in-
itial intrusive contact is stretched and begins to thicken
as a result of the inter-penetration of the resident and
intruded magma volumes. The liquid-fraction contours
are compressed at the top as a consequence of the no-
slip upper boundary condition.

The transformation of potential energy to kinetic
energy yields su�cient momentum to the resident
magma that it over-shoots the line of neutral stability
as illustrated in Fig. 2(c). This leads to the formation
of an internal wave and the interface will continue to
steepen, yielding a Kelvin±Helmholtz type of instabil-
ity by virtue of mutual shear across the interface mix-
ing zone. This process is just beginning in Fig. 2(c),
and the vorticity associated with the formation of this
wave is manifested as the elliptical roll-up of the con-
tours in the center of the ®gure. This roll-up is very
similar to what is called a `whorl' (Khakar et al., 1986;
Ottino, 1989) and dramatically increases the e�ciency
of mixing by enhanced rotational stretching (strain) of
material lines. It is during this period that the maxi-
mum velocity occurs, and the observed maximum was
about 80% of the velocity scale given in Eq. (2), indi-
cating good agreement between scale results and more
detailed model results.

In Fig. 2(d) the interface has been completely dis-
rupted and thickened. Although the center of the in-
ternal-wave has the dominant vortex, opposing
subsidiary pairs of vortices have been generated form-
ing a composite structure of (at least) three vortices.
The one in the lower-left rotates clockwise, the one in
the upper-right, counter-clockwise. These are similar to
`blinking vortices' (Aref and Tryggvason, 1984). It is
the formation and unsteady motion of these vortices
that enhance mixing throughout the chamber, and pro-

Fig. 2. The collapse of the intrusive contact for a Reynolds number

of 1000. The contours are volume percent liquid, equally spaced

from 0.7±1. See text for discussion. The dimensionless time, t�, is the
actual time divided by the scale time in Eq. (4). (a) t�=0.1, (b)

t�=1.0, (c) t�=1.9, (d) t�=3.1, (e) t�=3.7, (f) t�=5.0, (g) t�=6.2,

(h) t�=14.9.
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duce temporal and spatial chaotic mixing. The highly
stretched and folded portions are called `tendrils' and
taken together, this kind of ¯ow is known as `whorl
and tendril' ¯ow. The length of the interface has
become very stretched relative to its initial length, and
the mixing region involves about a third of the cavity,
although `islands' persist wherein there has been no
mixing.

In Fig. 2(e) the composite vortex structure is oscil-
lating: It is swept to the left as the center of mass is
still above the level of neutral buoyancy. This sloshing
of the composite structure breaks it up into many
smaller vortices as shown in Fig. 2(f). This type of
chamber-wide quasi-periodic behavior is more e�cient
at mixing than steady ¯ow, as the suite of vortices are
swept about the chamber (Chien et al., 1986). In
Fig. 2(g), a large central vortex emerges as the domi-
nant structure. Eventually, the kinetic energy decays
by work done against viscous drag and produces a
nearly stable strati®cation as shown in Fig. 2(h). At

this time, most of the cavity is occupied by a mixture
of material from both the resident and re-intruded
magma. No evidence of the initial vertical intrusive
contact remains, except for a highly sheared and thin
region at the left-hand and upper boundaries.

The strain history and temporal morphology of the
¯ow-®eld can be considered to be a combination of a
Rayleigh±Taylor (R±T) instability with an over-turn-
ing motion. However, unlike the ideal R±T case, there
is no preferred wavelength to excite the over-turning
motion that dominates the mixing at early times in R±
T simulations. As a result, there is not as much shear-
ing and mutual interpenetration until the vortices have
appeared that result from wave-breaking. Hence, the
growth of the instability and the e�cacy of mixing are
di�erent. Bergantz and Ni (1999) have considered the
multiphase R±T case and a number of the features dis-
cussed here are present in those simulations. Despite
there di�erences at early times, both simulations illus-
trate the development of non-topological elements,
which leads to the formation of islands of variably
mixed material. Once formed, they can persist in an
otherwise complex ¯ow (Ottino et al., 1988).

In the next case the Reynolds number was 100.
Fig. 3(a)±(h) illustrates the temporal development of
this regime. In Fig. 3(a)±(c) an internal wave is formed
with a pronounced cusp, but unlike the previous case,
the wave does not break as the bulk oscillation rotates
the wave out from under the cusp. The cusp remains
as a perched region that eventually is distributed by
subsequent shear, and the interface remains topologi-
cal. Prior to the complete penetration by boundary vis-
cous e�ects, the interface region is like a damped
oscillator, and the period of this oscillation for aspect
ratio equal to one is:

t01
H 2

ReH �Z
: �8�

The ¯ow ®eld becomes highly stretched during lami-
nar oscillation. The ¯ow is too weak to produce the
whorl-and-tendril morphology, and shear stresses are
not su�cient for Kelvin±Helmholtz instabilities to
form that would cause thickening of the interface and
the formation of multiple vortices. The ®nal state of
the system is horizontal strati®cation, but with much
larger islands of unmixed material than in the higher
Reynolds numbers case.

The complexity of the ¯ow and mixing e�ciency will
change at higher Reynolds numbers. Turbulent mixing
is characterized by the simultaneous presence of vorti-
cies of di�ering sizes. However, as pointed out by
Moses et al. (1993), despite Reynolds numbers of up
to 104, local domains of buoyancy may still be essen-
tially laminar and viscosity important. It is their
mutual interaction throughout the chamber that gives

Fig. 3. The collapse of the intrusive contact for a Reynolds number

of 100. Contour spacing same as Fig. 2. See text for discussion. The

dimensionless time, t�, is the actual time divided by the scale time in

Eq. (4). (a) t�=0.8, (b) t�=3.1, (c) t�=3.9, (d) t�=7.8, (e) t�=11.8,

(f) t�=15.7, (g) t�=19.6, (h) t�=31.4.
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rise to the diverse structures typical of turbulence. This
is a consequence of the large, outer scales of ¯ow not
being well separated from the inner, kinetic energy dis-
sipation scales. At a Reynolds number above 104, the
mixing transition is reached and the turbulence is fully
developed. This complexity is di�cult to characterize,
and is usually described as global or superimposed
(multi)fractal structures (Feder, 1988; Linden et al.,

1994) or by speci®cation of a Lyapunov exponent for
a bounding contour of an advected scalar quantity.

There are a number of ways to de®ne the e�ciency
of mixing. One would be to divide the thickness of the
strati®cation after wave-breaking by the wave ampli-
tude. For the ®rst case, this yields an e�ciency of
about 0.7. In the second case, it was about 0.5. These
values are higher than those previously reported for
mixing in an enclosure, because no work is done
against viscosity at the re¯ecting boundary conditions
at the right side and bottom. If the right side and bot-
tom were no-slip boundaries, these numbers would
decrease by about half, giving values within the limits
proposed by McEwan (1983a).

Numerical simulations were also preformed for Rey-
nolds numbers of 1, 0.1 and 0.01. The solutions are
not shown in the interest of brevity but will be brie¯y
described. For a Reynolds number of 0.1 and 0.01, the
exchange of position produced negligible mixing as
there was little vorticity produced. The resident and
intruded magmas simply slipped past each other under
conditions of nearly creeping ¯ow producing a fairly
sharp interface between the two. There is negligible
transfer of momentum or mass between the resident
and intruding magma as a result of the decay of pos-
ition potential energy. Because there is no increase in
surface area, the sharing of scalar potentials, such as
temperature or concentration, will be described by a
length scale like that of the global size of the body.

The fourth case provides some insights into the
structure of the ¯ow in a chamber that is shaped like a
sill. Fig. 4(a)±(d) have the same initial conditions as

Fig. 5. The collapse of the intrusive contact for a Reynolds number

of 1000 and an aspect ratio of 4.0. Contour spacing same as Fig. 2.

See text for discussion. The dimensionless time, t�, is the actual time

divided by the scale time in Eq. (4). (a) t�=0.6, (b) t�=1.0, (c)

t�=2.5, (d) t�=7.4.

Fig. 4. The collapse of the intrusive contact for a Reynolds number

of 1000 and an aspect ratio of 0.5. Contour spacing same as Fig. 2.

See text for discussion. The dimensionless time, t�, is the actual time

divided by the scale time in Eq. (4). (a) t�=1.0, (b) t�=3.1, (c)

t�=5.0, (d) t�=10.4.
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the ®rst case: the height-based Re is equal to 1000.
However the width is twice that in the ®rst case, so the
aspect ratio is 0.5. This change in width changes the
chamber-wide, integrated potential energy, and so this
simulation is not directly comparable to the previous
examples. However, it still provides a useful and geolo-
gically important example of reintrusion that warrants
consideration. As we would expect, at early times the
¯ow is nearly identical with the ®rst case, compare
Fig. 2(b) with Fig. 4(a). In Fig. 4(b), the less dense ma-
terial moves along the upper boundary, trailing a pair
of vortices. If there were no vertical wall to eventually
impede the ¯ow, it would simply `run out' like a
slump. In Fig. 4(c), the reintruded material has arrived
at the left wall, and the momentum has curled the ¯ow
up into a large central vortex; the trailing vortices in
Fig. 4(b) are just arriving. The ¯ow will continue to
oscillate and Fig. 4(d) illustrates the return of the wave
to the right hand side. This will continue until a stable
strati®cation is achieved. The region that is occupied
by the strati®cation is less than in the ®rst case, but
the results are qualitatively similar.

The ®fth simulation, shown in Fig. 5, is for ¯ow in
a vertical slot of aspect ratio 4. This might be appro-
priate for conditions in a vertical magma feeder. The
simulation is the same as in the ®rst case, Re equal to
1000. The dominant structure is a single whorl that is
centered nearly at the right hand margin, as the no-
slip left-hand boundary does not allow for subsidiary
structures to form. This process ultimately decays
yielding a strati®ed region that occupies the center of
the conduit. Note the minor R±T instability that is
dripping from the upper-right corner, like that seen in
Fig. 2(e). These second-order instabilities will continue
to stir and perturb the mixture, once the main motion
associated with reintrusion is nearly exhausted (Ber-
gantz and Ni, 1999).

5. Implications for geological systems

The simulations o�ered here exemplify some of the
dynamics that can occur during reintrusion, and illus-
trate the di�culties structural geologists face in
uniquely interpreting kinematic data from plutons.
Among the most important points is that the preser-
vation of sharp, near-vertical internal contacts requires
not just a large rheological contrast, but a high absol-
ute viscosity for the resident magma. This requires
that the resident magma be virtually solid or have a
su�ciently low melt fraction that grain±grain contigu-
ity is achieved and provides a supporting framework.
This requirement allows one to estimate a time scale
for mixing following reintrusion: It must be on the
order of the cooling time for the body of resident
magma. Applying the conduction cooling relationship

provides a conservative estimate for this time for a
body with length scale L:

t1L2

k
, �9�

where k is the thermal di�usivity modi®ed to include
the latent heat of crystallization. This implicitly
assumes that the magma has a linear melt-fraction to
temperature relationship, although that is not a par-
ticularly restrictive condition (Bergantz, 1990). Rein-
trusion on time scales less than this may lead to partial
or complete interface collapse and would not yield dis-
tinctive internal contacts. A corollary of this is that
one need not expect any simple geochemical genetic re-
lationship between elements in a vertically sheeted,
multiply intruded suite. Both sharp and transitional
horizontal contacts have been reported in ash-¯ows
and can result from reintrusion, without calling upon
a box-®lling mechanism like side-wall crystallization
(Eichelberger and Wiebe, 1999). Strati®cation is an
inevitable consequence of reintrusion by more evolved
or volatile-rich magmas. Hence, any shared, near-liqui-
dus geochemical characteristics may have originated in
a region of common melt generation, rather than result
from an in-situ process. And the presence of diverse
magma types with complex internal contacts suggests
that the dominant shared characteristic of the system
is a persistent geographical locus of magmatism rather
than a parent magma.

Prior to reintrusion, if the margin of the body has a
transitional character from completely solidi®ed to
liquid-crystal mush, it is possible that interface collapse
could erode, or scour, this contact back to a region
where the solid fraction is high enough to be e�ectively
rigid. This scouring would disaggregate `mushy' por-
tions of the margin and mix it with the intruding
magma. This is a mechanical process like the `defrost-
ing' proposed by Mahood (1990) in that it provides a
means for juxtaposing phenocrysts with di�ering
parent magmas, growth ages and zoning pro®les. In
this case, a sharp internal contact represents a surface
of high strength, exhumed by shear stresses associated
with the `viscous wind' of circulation. For this case the
length scale in Eq. (9) would be that portion of the
body that lies between the internal surface of high
strength and the magma to country-rock contact.

One of the non-intuitive implications of these
simulations is that the case of weak ¯ow may pro-
vide for the most complex and lasting expression of
this process in the kinematic character of the plu-
ton. Flow at Reynolds number of order 1 or less
will be creeping ¯ow, characterized by a slow fold-
ing, and likely occurs in regions where the solid
fraction has nearly reached contiguity. This type of
¯ow is more likely to reveal spatially and tem-
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porally variable increases in strength, and exhibit
ductile behavior. This could produce internal folds
and slumps that would be preserved, unlike the
more dynamic cases where the entire ¯ow ®eld is
reset until the potential energy decays. Following
Paterson et al. (1998) it seems likely that only the
low Reynolds con®guration will be preserved in the
plutonic stage. Thus, the gradational contacts that
are present in some concentrically zoned plutons
(Shimizu and Gastil, 1990), may represent this pro-
cess. These results re-emphasize the fact that sub-
vertical internal contacts represent processes that
occur at the close of a magma chamber cycle, or
during a rejuvenation of activity.

Although the simulations were for reintrusion by
less dense materials of like composition, the results
are general and can be (cautiously) extended to
some aspects of ma®c±felsic interaction. Isolated
and perched, higher density materials, like ma®c
enclaves, must represent the last stages of activity
or ma®c bits that have been captured by a crystalli-
zation front. Larger ma®c domains, like the `North
America' on the face of El Capitan, Yosemite
National Park, California, are sitting in a region of
higher strength and crystallinity, and perhaps are
frozen in the act of tunneling downward, or obli-
quely, through regions of variable strength and melt
fraction as `magma worms' (S.R. Paterson, personal
communication). Many ma®c domains may represent
regions that are arrested while falling through their
host, providing an e�cient way to mingle and mix
magmas (Wiebe and Ulrich, 1997). It is also evident
that the ¯oor-layers and pipe structures mapped by
Elwell et al. (1960), Vaughan et al. (1995), Bremond
d'Ars and Davy (1991) and Wiebe and Collins
(1998) must have solidi®ed before any tilting of the
magma chamber took place. If tilting had occurred
prior to solidi®cation, the ma®c material would
droop in place, and collapse the delicate pipes of
silicic material. Thus, the tilting is probably
uncoupled from the magma chamber forming pro-
cess, or happening so slowly that the bottom
boundary of the magma chamber is cooling faster
than the tilting. This places constraints on both the
rate of tilting and on the rheology of the under-
lying country rock.

It is also evident that the intrusion of ma®c material
along the ¯oor of a magma body is the least dynamic
way to initiate volumetrically signi®cant magma min-
gling for time scales a factor of 10±100 of Eq. (4). This
is a consequence of the Reynolds approaching zero.
Without large changes in the density contrast that
accompany volatile exsolution, the only potential
energy available for mixing is from temperature di�er-
ences. The ratio of the position potential energy to
that from temperature di�erences operating over the

same vertical length is:

At

elbDT
, �10�

where b is the thermal expansion coe�cient for the
melt phase and DT is a characteristic temperature
di�erence. This ratio can have a value of order 10±100
illustrating the relative importance of position poten-
tial energy. However, thermal buoyancy will have
di�erent dissipative structures and time scales, and can
be persistent if it is associated with a boundary con-
dition rather than an initial condition. A more com-
prehensive assessment will be the subject of future
communications.

How can one assess the geological verisimilitude of
the models presented here? Unfortunately, dynamic
systems often destroy the evidence of their origins. In
addition, the absence of such strati®cation in the plu-
ton does not mean that it did not exist at an earlier
stage in the magma chamber. This will be especially
true in magmatic systems at high melt fraction, before
crystal contiguity sets-up a yield strength. With regard
to the `information theory' approach to magmatic sys-
tems (Petford et al., 1997), there may be no memory
of this stage except for crystal zoning (Knesel et al.,
1999), and even this may not yield a monotonic record
of events due to crystal resorbtion. Nonetheless, crystal
zoning studies, combined with structural studies of
kinematic domains may prove useful in establishing
the route(s) any magma parcel takes to ®nal position
in a pluton. Bands of strati®ed material occurred in all
the simulations we considered and appear to be an
inevitable consequence of reintrusion. However, strati-
®cation can also occur by side-wall fractionation (box
®lling), although the evidence of this has not been fre-
quently documented in the plutonic record. Processes
such as eruption or the falling of crystal rich plumes
(Bergantz and Ni, 1999) from the roof could disrupt a
strati®cation. So the absence of evidence is not a
robust test. Probably the only way to test these notions
would be in a system where reintrusion produces dis-
tinct isotopic domains (Hill et al., 1988; Hill and Sil-
ver, 1988), as reintrusion of magmas with similar
major element compositions may be di�cult to recog-
nize in the ®eld (Pembroke and D'Lemos, 1995)
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Appendix A

The numerical simulations are based on the model
conservation equations given below. The conservation
of mass for a phase k can be expressed as

@

@t
�ekrk � � r � �ekrkvk � � 0, �A1�

where t, e, r, and v refer to the time, volume fraction,
mass-averaged density, and volume-averaged intrinsic
velocity vector, respectively.

The conservation of momentum for a phase k can
be written as

@

@t
�ekrkvk � � r � �ekrkvkvk � � ÿekrPk �Md

k � ekrkg

�r �
n
m�k
n
r�ekvk � �

�r�ekvk ��tÿvsrek ÿ rekvs

oo
,

�A2�
where g refers to the acceleration due to gravity, and
Md

k refers to the dissipative part of the interfacial
momentum transfer. We considered the resident
magma to be a two-phase system of silicate liquid and
solid silicate crystals where subscript k can be taken as
l and s, respectively. We also assumed that there is in-
stantaneous microscopic pressure equilibration which
is appropriate if the speed of sound for each phase is
large compared to the calculated velocities (Drew,
1983). The interfacial balance and momentum transfer
may be modeled in terms of a drag coe�cient

Md
s � ÿMd

l � ÿ
3

4

es

ds

rlCdejvl ÿ vs j�vl ÿ vs �, �A3�

where ds is the diameter of the crystals, and Cde is the
generalized drag coe�cient which is valid for all solid
fractions and includes the permeability after the solid
crystals reach the contiguity limit and become station-
ary (Argwahl and O'Neill, 1988):

Cde �
�
24� 2Cke�1ÿ el �

Re
� Cie

�
,

Re � rleljvl ÿ vs jds

ml

,

�A4�

where Cke=25/6 and Cie=7/3. We have ignored lift

forces and changes in drag associated with synneusis
and particle shape anisotropy (Schwindinger, 1999).
These are not particularly di�cult to implement, how-
ever little is known about their mutual in¯uence when
the carrier phase may be turbulent.

Based on the rheology of multiphase ¯ow, both the
liquid and mixture dynamic viscosity is assumed to be
Newtonian at a given value of the solid volume frac-
tion. There currently are not su�cient experimental
data to generalize the strain-rate dependence of the vis-
cosity for all crystal-bearing magmas. However, for a
concentration of solids less than 30 vol.%, the assump-
tion of Newtonian behavior may be appropriate; see
discussion in Hallot et al. (1996). The liquid dynamic
viscosity is taken as m�l � ml and the solid dynamic vis-
cosity as

m�s �
�
1ÿ es=esp

�ÿ 2:5esp ÿ el

es

ml, �A5�

where espis the critical solid volume fraction, above
which the crystals form a rigid structure. At values of
the solid fraction greater than the critical solid frac-
tion, m�s becomes in®nitely large, forcing the velocity
gradients in the solid phase to vanish. For vanishing
solid fractions, Eq. (A5) reduces to that from the Ein-
stein dilute theory, m�s � 3:5m�l (Nunziato, 1983). The
value of esp usually falls between 0.4 and 0.6; a value
of 0.5 is used here since lavas rarely erupt with a solid
fraction greater than 0.5 (Marsh, 1981).

The numerical method employed is a modi®cation
of the SIMPLER algorithm of Spalding (1985). The
simulations were done with a Cartesian co-ordinate
system and a two-dimensional geometry. Although the
growth of small-scales of ¯ow is faster in three dimen-
sions, and hence the ¯ow has more kinetic energy,
two-dimensional simulations have been shown to cap-
ture the dominant features in prior investigations
(Youngs, 1991). Very high resolution was possible by
the use of the eight-node Beowulf-con®guration paral-
lel computer. Grid re®nement studies were performed
and satisfactory resolution was obtained for the simu-
lations of aspect ratio with a grid of 500� 500, for the
aspect ratio of 0.5 it was 500� 1000 and for the aspect
ratio of 4 it was 500 � 250. This dense coverage of
computational nodes minimizes the e�ects of numeri-
cal di�usion and allows for most scales of the ¯ow to
be realized. The implementation of the model
equations given above have been veri®ed by compari-
son with laboratory experiments; see discussion in Ber-
gantz and Ni (1999).

Some of the simulations here re¯ect inertially domi-
nated conditions, and so a brief discussion of multi-
phase turbulence is warranted. Crowe et al. (1996)
provide a review of the numerical simulation of turbu-
lent multiphase ¯ow. They note that particles can both
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suppress and enhance the turbulence intensity depend-
ing on the particle loading and the ratio of the particle
size to the length scale of the most energetic eddies.
Agreement between numerical models and experiments
are variable and di�cult to generalize (Lahey and Ber-
todano, 1991). And although some progress has been
made on developing general empirical formula for tur-
bulence modulation, currently the NKFS (Nobody
Knows For Sure) approach is commonly used. For
our simulations, the Stokes numbers are very small,
e.g. the relative velocity between phases is small until
®nal strati®cation is achieved and the eddies were
much larger than the particle. Thus the particles follow
the ¯ow, and during the most active part of the simu-
lation their in¯uence is like that of a modi®ed mixture
viscosity (Tang et al., 1992).
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