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Silicic magma bodies are formed by repeated injections of mobile magma and reside as a crystal-rich mush. Nu-
merical studies of open-system events have revealed the complexity of mixing and rheological behavior. This is
associatedwith the dilation of the crystal network and the possible occurrence of a lubricated regime. Lubrication
forces are hydrodynamic interactions occurring when neighboring crystals have relative motion. The effect of
such dissipative forces has not yet been explored in the case of magmatic mush. Here, we investigate the effects
of lubrication on mush dynamics and on magma transport. First, we propose scaling relationships to assess the
relative importance of the forces controlling the motion of one crystal within a mush by adding lubrication
terms into the Basset-Boussinesq-Oseen equation that describes crystal motion in a viscousmelt. We then inves-
tigate lubrication effects at the macroscopic scale with computational fluid dynamics with discrete element
modeling (CFD-DEM) simulations that include these forces. We explore two cases: crystal mush sedimentation
and the injection of a crystal-free magma inside a mush. We perform all simulations twice, with and without lu-
brication forces, and compare the results. At the grain scale, we show that three dimensionless numbers and the
crystal content candescribe the competition between viscous drag, buoyancy, and lubrication. Two of these num-
bers (Stokes and Froude numbers) have beenpreviously employed in the context of dilute suspensions. The third
is a new form of the Sommerfeld number that measures the importance of lubrication. At the macroscopic scale,
simulation pairs (with andwithout lubrication forces) exhibit very similar behaviorwhen in steady state. The du-
ration of the transient regime preceding steady state, however, is increasedwhen lubrication forces are included.
Lubrication causes an apparent bulk strain hardening followed by softening at the initiation of themush motion.
Our results show that lubrication opposes dilation and the initiation ofmotionwithin themagmaticmush during
this transient phase. Our results highlight the control that the crystal network exerts on magma transport and
provide a novel way to evaluate when lubrication matters.

© 2019 Elsevier B.V. All rights reserved.
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1. Introduction

Magma bodies residing in the crust are formed by repeated injec-
tions of mobile magma and are inferred to reside in a mushy state
(Bachmann and Bergantz, 2004; Cashman et al., 2017; Hildreth, 2004).
A mush is magmawith a high concentration of crystals (also called par-
ticles here). The rheology of mushes is one ofmost critical phenomenon
controlling magma transport within volcanic systems (Caricchi et al.,
2007; Cordonnier et al., 2012; Kendrick et al., 2013; Lavallée et al.,
2012, 2007; Ryerson et al., 1988; Sparks, 2003), sometimes influencing
eruptive styles (Karlstrom et al., 2012). However the transition between
amobile magma and themush state is complex and poorly understood.
Macroscopically, this transition is characterized by the emergence of
non-Newtonian behaviors characterized by shear thinning and possibly
Carrara).
continuous and/or discontinuous shear thickening (Lavallée et al., 2012,
2007; Petford, 2009; Mader et al., 2013 and references therein).

However, attempts to index crystal-rich rheology to the volume
fraction of crystals, whether by a Krieger-Dougherty type power law
or by a viscous number scaling relation (Bergantz et al., 2017), fail to re-
cover non-Newtonian behavior in the absence of inertia. These models
can predict the correct volume fraction dependence at a fixed shear
rate, but cannot capture shear rate dependence at fixed volume fraction
(e.g., Mari et al., 2014). This is because there is only one stress scale as-
sociated with the Krieger-Dougherty relation: the one associated with
hydrodynamics. Andwhile the viscous number framing incudes a grav-
itational stress scale, it cannot predict the transition to discontinuous
shear thickening or differentiate between jamming occurring from ste-
ric or frictional effects. It is now apparent that these non-Newtonian
processes arise by the initiation of normal and frictional tangential
forces from particle contact, which can happen at particle volume frac-
tions of 0.3 or less. The onset of friction introduces an additional stress
scale into the rheology that is not resolved in the traditional framing.
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Fig. 1. Conceptual model considered to scale the importance of lubrication forces. [A] The central target particle (p1) is in blue. Its six neighboring particles are indicated in black and are
arranged in a hexagonal lattice. The minimum distance between the edges of particles pairs is indicated by red dashed lines and has been exaggerated for clarity. The black dashed box
represents the region depicted in B. [B] Zoom on a particle pair. The blue particle represents the particle p1 and the black one represents p2. Their velocity vectors are represented by

blue and red arrows, respectively. The green arrow represents the relative particle velocity seen by particle p1, vp
�!. The two dashed green arrows indicate the decomposition of the relative

velocity in its normal, vn
�!, and tangential, v!t , components. The angle beween the vectors vp

�! and vn
�!, is called the incidence angle β (purple).

1 In Bergantz et al. (2017), the normal lubrication expression should be replaced by the
form used here (Eqs. (1) and (3) with β= 0) to take into account that contacts occur be-
tween two spheres and not between a sphere and a plate (Andreotti et al., 2013).
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Hence any process that influences the onset of frictional contacts, such
as lubrication, can have a profound effect on the rheology of the mush.

Following Bergantz et al. (2017), we further develop the scaling re-
lationships for lubrication with an emphasis on how lubrication influ-
ences the time-dependence of a system as it moves between locked or
frictional states. When neighboring particles graze each other in a vis-
cous fluid, the ensuing hydrodynamic interactions create tangential lu-
brication forces on the particles (Jeffrey and Onishi, 1984; Marzougui
et al., 2015). Normal lubrication forces arise when particles approach
or are separated from each other. In sheared suspensions, lubrication ef-
fects due to these two forces dominate over that caused by particle spin-
ning (Marzougui et al., 2015). The relative motions required to squeeze
or suck the fluid from the gap between their edges result in the dissipa-
tion of the particle kinetic energy, which depends mostly on the fluid
viscosity and particle separation distance. The importance of lubrication
forces on mush dynamics is not obvious because these forces can be
viewed as either opposing, or promoting the fluidization of the dense
suspension in response to the arrival of new magma (Bergantz et al.,
2017). Lubrication also influences the path of individual crystals
during remobilization and the time they have to respond to
changes in their chemical environment. As a result, the residence time
of crystals within magmatic systems is affected by the transient lubri-
cated state, the effects of which cannot be ignored when reconstructing
the thermal history of crystals (e.g., Cooper and Kent, 2014; Barboni
et al., 2016).

Here we use computational fluid dynamics with discrete element
modeling (CFD-DEM) to explore the role of lubrication in mush sys-
tems. CFD-DEM numerical simulations have proven to be a powerful
tool to study magmatic mush dynamics (Bergantz et al., 2017, 2015;
Schleicher et al., 2016). In such models, the behavior of the continuous
fluid phase (silicate melt) is computed by solving Navier-Stokes equa-
tions on an Eulerian grid. Individual crystals are represented by spheres,
the trajectories of which are computed in a Lagrangian framework with
the Newton laws of motion. This representation of the solid phase al-
lows the CFD-DEM framework to explicitly resolve solid/solid interac-
tions such as contact and friction and the coupling with the
surrounding fluid. Despite high computational costs, models based on
CFD-DEM have been validated (Deen et al., 2007) and are often
employed as benchmarks to validate other numerical approaches (e.g.
Chen and Wang, 2014). Previous CFD-DEM models used to study
mush dynamics include the micro-scale physics of contact, drag, and
buoyancy forces (Bergantz et al., 2017, 2015; McIntire et al., 2019;
Schleicher et al., 2016) but do not explicitly consider lubrication forces.

Our objective is to address the effects and importance of lubrication
forces on the dynamic of magmas and mushes. We first propose a scal-
ing of the relative importance of lubrication forces at the particle scale
with a simplified expression of lubrication. We then focus on macro-
scopic scale dynamics by investigating with CFD-DEM simulations the
effects of a more complete description of lubrication in two canonical
cases of fluid dynamics relevant to magmatic systems, the sedimenta-
tion and the remobilization of a dense particle bed. Finally, the effect
of lubrication forces on magma and mushes dynamics is discussed.
2. Method

2.1. Formulation of the BBO equation with lubrication forces

To scale the importance of lubrication forces on a dense granular
suspension, we consider a system of smooth spheres arranged in a hex-
agonal lattice and immersed in a viscous fluid with a density contrast
(i.e. ρp ≠ ρf, where ρp is the sphere density and ρf, is the fluid density)
(Fig. 1 A; symbols are summarized in Table 1). The particles have the
same diameter, dp, and they are separated by a small but finite distance,
h. The motion of a given particle in a magmatic viscous fluid can be de-
scribed by the truncated Lagrangian Basset-Boussinesq-Oseen (BBO)
equation (Bergantz et al., 2017). Following Marzougui et al. (2015),
we neglect lubrication effects arising from rolling and twisting relative
motions between the particles, which only produce marginal effects
compared to normal and tangential lubrication (Fig. 10 in Marzougui
et al., 2015). There are different formulations of the lubrication forces.
At the particle scale, we use a simplification proposed by Marzougui
et al. (2015) of the more complete expression of Jeffrey and Onishi
(1984) because it is amenable to algebraic manipulations. In the CFD-
DEM model (Section 2.2), we use the formulation of Frankel and
Acrivos (1967) because it does not feature the unphysical negative
torques at large inter-particle distance of the particle-scale expression
(Marzougui et al., 2015). Incorporating both normal1 and tangential



Table 1
List of variables and their meaning.

Variable (unit) Definition

A Lubrication parameter
C Particle shape and roughness parameter
dp (m) Particle diameter
en; et Normal and tangential restitution coefficients
FR Froude number
g (m s−2) Gravitational acceleration
h (m) Distance between particle edges
j Ratio of the distance between particle edges and their radius
ST Stokes number
SO Sommerfeld number
t (s) Time
Uinj (m s−1) Injection velocity
Umf (m s−1) Minimum fluidization velocity
UT (m s−1) Particle terminal velocity
vpi

(m s−1) ith particle velocity
vp (m s−1) Relative velocity between two particles
vf (m s−1) Relative velocity between particle and fluid
vfluid (m s−1) Fluid velocity
v0 (m s−1) Fluid characteristic velocity
W (m) 3rd dimension length
δ (m) Fluid characteristic distance
α Permeability parameter
β (°) Incidence angle
Δρ (kg m−3) Density contrast between fluid and particles
ε (m) Particle roughness
ηf (Pa s) Fluid viscosity
ρp (kg m−3) Particle density
ρf (kg m−3) Fluid density
τ; τd; τl (s) Characteristic times
Ф Particle volume fraction
Фmax Particle maximum packing fraction
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lubrications forces, the BBO equation can be expressed as:

d vp1
�!
d t

¼ Δρ g!
ρp

−
3 η f v f

2 α ρp dp
2 −

3 η f vp
�!

ρp dp
2 A ð1Þ

where v!p1 is the particle velocity,Δρ= ρp− ρf, ηf is the fluid viscosity, t

is the time, and g! is the gravitation acceleration. The left-hand side of
Eq. (1) represents the acceleration of the particle considered and the
first term on the right-hand side is the reduced buoyancy. The second
term corresponds to the viscous drag exerted by the fluid on the particle
due to the velocity difference between the particle and the surrounding
fluid, vf

�! ¼ vp1
�!−vfluid

��!. The coefficientα refers to the permeability of the
dense particle network, which is given by the Carman-Kozeny relation-
ship (Bergantz et al., 2017):

α ¼ 1−Фð Þ3
C Ф2 ð2Þ

whereΦ is theparticle volume fraction and C is a constant dependingon
particle shape and roughness (C= 44.4 for smooth sphere, MacDonald
et al., 1991). As pointed out by Bergantz et al. (2017) this drag law is
only reliable for dense suspensions when α N 1/12, which corresponds
to ϕ N ~0.3. The last term on the right-hand side of Eq. (1) incorporates
both normal and tangential lubrications forces due to the relative veloc-
ity between the particle and its neighbor (subscripts p1 and p2 respec-
tively), vp

�! ¼ vp1
�!−vp2

�! . The relationship between normal and
tangential forces is expressed in the A coefficient (Marzougui et al.,
2015):

A ¼ 3 cos βð Þ
2 j

− ln jð Þ sin βð Þ ð3Þ

where j is the ratio of the distance between the particle edges, h, over
their diameter (j=2h/dp), andβ is the incidence angle that corresponds
to the angle between the relative velocity and the vector linking the par-
ticle pair centers (Fig. 1 B). In a hexagonal lattice, j can be linked to the
ratio of the particle volume fraction over themaximumpacking fraction
(Ancey et al., 1999):

j ¼ 1−
Ф

Фmax

� �1
3 ð4Þ

The tangential lubrication force expression used in Eqs. (1) and (3)
gives reliable results up to j = 0.2 (Fig. 3 in Marzougui et al., 2015). As
a result, Eq. (1) is valid from Ф/Фmax b 1 down to Ф/Фmax = 0.5, which
corresponds to j=0.2. For a systemof twoparticles (Fig. 1 B), themean-
ing of the incidence angle, β, is obvious and decomposes the relative ve-
locity vector into normal and tangential components. For a multi-
particle system (Fig. 1 A), each particle pair displays a different relative
velocity and incidence angle with respect to the central particle. The
motion of the central particle is affected by the resultant lubrication
force caused by all neighboring particles, which means that v!p and β
must be viewed as representative relative particle velocity and inci-
dence angle, respectively. The meaning of these two parameters in a
multiparticle system is explored in the supplementary material SIB.

2.2. CFD-DEM model

We performed CFD-DEM numerical simulations by using the MFIX
software (https://mfix.netl.doe.gov/). The equations are summarized
in the supplementarymaterial SIA. Detailed explanations about the the-
ory and implementation of themodel can be found in Garg et al. (2010),
Syamlal (1998), Syamlal et al. (1993), and validation of the DEM ap-
proaches inGarg et al. (2012) and Li et al. (2012).We included both nor-
mal and tangential lubrication forces into the model by implementing
the formulas used by Marzougui et al. (2015). We emphasize that the
drag and lubrication expressions used in the simulations are different
from those used for in the scaling approach (i.e. the tangential lubrica-
tion force in Table A1 is the expression of Frankel and Acrivos (1967)
and not that of Eqs. (1) and (3)) to ensure the consistency of the DEM
modeling in dilute conditions.

Unfortunately, no simple analytical solution of the approach of two
spheres exists because both vp

�! and h that appear in the lubrication
force vary with time. We validated instead our implementation of the
lubrication forces by reproducing the particle bouncing experiment
from Gondret et al. (2002). We obtain a good fit between the experi-
mental results and our numerical simulation. Details and results of
this validation are reported in the supplementary materials SIC.

3. Results

3.1. Grain scale

3.1.1. Scaling of the relative importance of the forces exerted on a particle
To determinewhat parameters control most particle motion, we ex-

press the vectors involved in Eq. (1) by their magnitudes, which are al-
ways positive by definition. This allows us to quantify what are the
dominant forces among buoyancy, viscous drag and lubrication. The im-
portance of gravitational forces can be expressed by using the terminal
fall velocity of the particle, which combines several variables involved in
Eq. (1):

UT ¼ Δρ g dp
2

3 η f
ð5Þ

We introduce UT in the drag and lubrication terms by multiplying each
term by 1 = UT/UT = (Δρ g dp

2)/(3 ηf UT). After rearranging, Eq. (1)

https://mfix.netl.doe.gov/
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becomes:

ρp

Δρ g
d vp1
dt

¼ 1−
vf

2 α UT
−
A vp
UT

ð6Þ

The left-hand side of Eq. (6) represents the non-dimensional gravita-
tional acceleration of the particle (p1). The first term on the right-
hand-side of Eq. (6) that equals unity expresses the fact that the gravi-
tational acceleration of the particle is constant in time. The two last
terms represents the non-dimensional drag and lubrication forces, re-
spectively. The equality between drag and buoyancy forces occurs
when 1 = vf/(2 α UT), which implies that:

vf ¼ 2αUT ð7Þ

Similarly, the balance between buoyancy and lubrication is expressed
by the equality 1 = A vp/UT, which yields:

vp ¼ UT

A
ð8Þ

Finally, equality between the drag and lubrication forces requires that
vf/(2αUT) = A vp/UT, which yields the following relationship between
vp and vf:

vf ¼ 2αA vp ð9Þ

The three forces balance each otherwhen
vf

2α UT
¼ 1and

A vp
UT

¼ 1. Thus

Eq. (7) is valid for
A vp
UT

≤1, Eq. (8) is valid for
vf

2α UT
≤1, and Eq. (9) is

valid for
A vp
UT

≥1 and
vf

2α UT
≥1.

The three force domains and associated boundaries are summarized
in Fig. 2. Predicting which forces control the motion of a particle re-
quires to replace that particle in the force diagram. Its position depends
Fig. 2. Force diagram summarizing scaling results. Axes have logarithmic scales with the
ratios Avp/UT as abscissa and vf/2αUT as ordinate. The red, blue and green areas
correspond to the domains where buoyancy, drag and lubrication dominate,
respectively. Boundaries between the domains are reported with black lines
corresponding to Eqs. (7)–(9), respectively. Boundaries meet at a point where all forces
have the same importance on particle motion.
on the ratioФ/Фmax, the angle β, and the two relative velocities vp and vf.
The two first variables form theα and A coefficients. The influence of lu-
brication forces is maximum when the coefficient A is maximized,
which means that it is possible to define an optimal angle, βopt, that
most promotes lubrication. This angle depends also on Ф/Фmax and it
corresponds to the point at which the derivative of A with respect to β
is null:

βopt ¼ tan−1 −
2 j ln jð Þ

3

� �
ð10Þ

Conversely, we found that β = 90° is most adverse to lubrication ef-
fects, which corresponds to pure tangential relative motion.

3.1.2. Dimensionless formulation
The dimensionless form of Eq. (1) is (see Supplementary material

SID):

dfvp1
d~t

¼ 1

FR
2 −

evf

ST
−

evp
SO

ð11Þ

The three velocities fvp1, evf , and evp correspond to the dimensionless
forms of the velocities involved in Eq. (1) that are defined as fvp1 ¼ vp1=
v0, evf ¼ vf =v0 and evp ¼ vp=v0, where v0 is the characteristic speed. The

variable ~t is the dimensionless time defined as ~t ¼ t=τ, where τ is the
characteristic time corresponding to the ratio of the characteristics
length, δ, and speed, v0 (τ = δ/v0). The three terms FR, ST and SO, are
the dimensionless Froude, Stokes and Sommerfeld numbers, respec-
tively. Both FR and ST were used previously by Burgisser et al. (2005)
and Bergantz et al. (2017) to scale the controls of buoyancy and drag
forces, respectively, and are expressed here as:

ST ¼ 2α ρp dp
2 v0

3 η f δ
¼ τd

τ

FR
2 ¼ ρp v0

2

Δρ g δ
ð12bÞ

The Stokes number characterizes the viscous drag coupling between
the particle and the surrounding fluid, which corresponds to the ratio
between the drag particle relaxation time (τd = d2 ρp/6 α ηf) and the
characteristic time (τ = δ/v0). The Sommerfeld number characterizes
the importance lubrication forces, and expresses the ratio between the
lubrication particle relaxation time τl (τl = A d2 ρp/3 ηf) and τ:

SO ¼ ρp dp
2 v0

3 η f A δ
¼ τl

τ
: ð13Þ

In the context of dense suspensions, themost appropriate characteristic
distance is the gap between the particle edges, h. The relevant charac-
teristic speed v0 depends on the nature of the external forcing applied
to the system. It could be, for instance, an externally imposed shear
rate expressed as v0/h.

3.2. Macroscopic scale

3.2.1. Experiment 1: Rayleigh–Taylor instabilities
The first numerical experiment consists of a particle bed initially in a

jammed state at the top of a tank filled with a viscous fluid. Simulations
use non slip boundary conditions at the walls. The bed is initially at rest
and simulations start when gravity is switched on. Due to the negative
buoyancy of the particles, Rayleigh–Taylor-type instabilities are gener-
ated as shown by experimental (Michioka and Sumita, 2005) and nu-
merical (Bergantz and Ni, 1999) experiments. To look at the effects of
lubrication forces at the macroscopic scale of the settling bed, we



Table 2
Parameters used for the Rayleigh–Taylor instabilities experiment. The value of normal and tangential restitutions coefficient is the same between simulations 1A and 1B. These two values
are artificially decreased to en = 0.01 and et = 0.005 in simulation 1C in an attempt to reproduce the effect of lubrication forces (see Supplementary materials).

Run ηf (Pa s) dp (m) ρp (kg m−3) ρf (kg m−3) Bed dimension (m × m) en et Lubrication

1A 0.2 2.5 ± 0.2 10−4 2500 1250 0.03 × 0.005 0.7 0.35 Yes
1B 0.2 2.5 ± 0.2 10−4 2500 1250 0.03 × 0.005 0.7 0.35 No
1C 0.2 2.5 ± 0.2 10−4 2500 1250 0.03 × 0.005 0.01 0.005 No

23A. Carrara et al. / Journal of Volcanology and Geothermal Research 380 (2019) 19–30
performed the same simulation twice, once taking lubrication forces
into account (simulation 1A) and once without lubrication forces (sim-
ulation 1B). A third simulation (simulation 1C)was runwithout lubrica-
tion forces but mimicking lubrication by setting a low restitution
coefficient (ratio of the kinetic energy conserved during the contact)
as in Bergantz et al. (2015). Fluid and particle properties are indicated
in Table 2 and taken from Michioka and Sumita (2005).

Fig. 3 shows snapshots of the particle positions for the three runs
1A–C. Particle position maps show a clear difference between simula-
tions 1A and1B (Fig. 3). Run1C presents a dynamics that is intermediate
between those of 1A and 1B, so results of this approach to replicate lu-
brication forces are discussed in details in the supplementary material
SIE. Both simulations with (1A) and without (1B) lubrication start
with the development of small Rayleigh–Taylor instabilities at the
lower front of the particle bed, with a wavelength of ~3mm that is con-
sistent with that observed experimentally by Michioka and Sumita
(2005) (Fig. 3 A–C). A small time delay in establishing the instabilities
is observed for the simulation involving lubrication, 1A, compared to
that without lubrication, 1B. Once the initial small particle plumes are
formed, a larger instability is generated (Fig. 3 C–E). It is initiated by
pure fluid that is buoyant relative to the suspended bed penetrating
the left part of the bed. This rightward sweeping motion causes en
masse bed sedimentation to produce a large particle plume
encompassing most of the smaller plumes already sedimenting. We
tested if the domain size controls the nature of the Rayleigh–Taylor in-
stabilities observed in the experiments by varying the domain width,
and observed the same kind of enmasse bed sedimentation. It is always
initiated by the opening of the particle bed in positions where the crys-
tal network presents a lower particle volume fraction compared to the
average random initial condition.
Fig. 3. Snapshots from simulations 1A–C after 0 s [A], 6 s [B], 12 s [C], 15 s [D], 18.8 s [E] and 25 s
domain. Filled and open circles represent the particles. Black disks represent the simulation i
lubrication (1B). The green open circles represent the run mimicking lubrication by reducing t
All simulations display large plumes of similar shapes (Fig. 3 D–E),
except that the plume of run 1A is slightly more narrow and of higher
density than that of run 1B. The main effect of lubrication forces is on
the duration of the development of the large instability responsible for
en masse bed sedimentation. In run 1B, the large plume starts after
12 s (Fig. 3 C), and the plume reaches half of the tank height after 15 s
(Fig. 3 D), whereas these steps are observed after 15 s and 18.8 s in
run 1A, respectively (Fig. 3 D–E).

We selected in simulation 1A a group of neighboring particleswithin
the large plume and tracked the time evolution of their individual rela-
tive velocities with the surrounding fluid, vf, and of their relative veloc-
ities, vp. The local particle volume fraction, Φ, is computed on the
continuous grid (i.e. in eachfluid computational cell) and is interpolated
at each particle location. For each particle, the representative velocity
relative to the neighboring particles is the magnitude of the sum of all
the relative velocity vectors between that particle and its neighbors.
The representative incidence angle is the average of all the pairwise an-
gles between a given particle and its neighbors. Both relative velocities,
β, andΦ were averaged over the group of particles and their time evo-
lution was smoothed by performing a zero-phase moving average
(Fig. 4). These smoothed parameters can be used to calculate the force
balance, and Fig. 5 F shows snapshots of the locations of the selected
particle group alongside their positions on the force diagram of Fig. 2.

At the start of the simulation, the particles are in a jammed state and
undergo a slow dilation, as highlighted by the slight decrease of the par-
ticle volume fraction and the increase of vp up to 12 s (Fig. 4 B). The en-
tire bed is falling slowly under the influence of gravity without
becoming deformed as shown by the constant value of vf (Fig. 4
B) and by the pure fluid layer that forms atop the bed (Fig. 5 A). During
this process, the buoyancy and drag forces felt by the particles are in
[F]. Snapshots [A]–[C] are truncated and snapshots [D]–[F] represent the entire simulation
nvolving lubrication forces (1A). Open red circles correspond to the simulation without
he restitution coefficients (1C).



Fig. 4. Temporal evolution of the physical parameters encountered by the group of tracked particles. [A] The graph has two ordinate axes. The blue axis and curve represent the local
particle volume fraction averaged over the group of particle, Φ. The red axis and curve represent the average incidence angle, β. [B] The graph has two ordinate axes. The blue axis and
curve represent the ratio between the particle–fluid relative velocity and the terminal fall velocity, Vf/UT. The red axis and curve represent the ratio between the particles edges relative
velocity and the terminal fall velocity, Vp/UT. Vertical dashed lines represent the times at which the snapshots of Fig. 3 were taken.
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equilibrium (Fig. 5 F) until the bed reaches its terminal fall velocity
while keeping the same shape. The buoyant fluid is thus transported
by porous flow through the pack of selected particles. At 12 s, lubrica-
tion forces become dominant (Fig. 5 F) because the particle relative ve-
locity increases while the particle volume fraction is still close to its
maximum. This point also corresponds to the time when the largest
Fig. 5.Analysis of the results of the simulation involving lubrication (1A)with the scaling summ
12 s, 15 s, 18.8 s, and 25 s, respectively. Particles are represented by disks, the color of which dep
group of tracked particles is indicated by purple circles. Graph [F] displays the position of the gr
the domain where buoyancy, drag, or lubrication dominates, respectively. The positions of th
average parameters reported in Fig. 4. The blue curve represents the dynamic history of the tra
delay occurs between simulations 1A and 1B. After 15 s, when the
large instability forms on the left part of the bed, vf increases again
(Fig. 4 B) and the viscous drag tends to control particles motion (Fig. 5
F). This suggests that the large plume is formed by the viscous entrain-
ment of the fluid rather than by the net weight of the particles. During
the large plume unfolding and sedimentation, vp and vf increase (Fig. 4
arized in Fig. 2. Plots [A], [B], [C], [D], and [E] represent snapshots of simulation 1A after 6 s,
ends on the value of the average relative velocity between a particle and its neighbors. The
oup of tracked particles on the force scaling graph. The red, blue, and green areas represent
e tracked particles at time steps [A]–[E] are indicated by red squares and depend on the
cked particles.



Fig. 6. Snapshot at identical times (22 s) of the Rayleigh-Taylor simulations 1A and 1B performed in 3D. Black lines indicate the computational domain boundaries and blue spheres are
particles. [A] Run with lubrication forces. [B] Run where lubrication forces are neglected.
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B) and equilibrium between fluid drag and lubrication occurs (Fig. 5 F).
When the plume reaches the bottom of the tank, vp and vf decrease, Ф
slowly increases and particle settling is controlled by their buoyancy.

Our results show a good correlation between both relative velocities
after the initial bed expansion (Fig. 4 B). Furthermore, vf and vp appear
to be inversely proportional to the local solid volume fraction (Fig. 4
A), which suggests that they are not coupled directly, but that the cou-
pling occurs through to the local particle concentration. Decreasing par-
ticle concentration results in a joint increase of the distance between
particle edges and of bed permeability. As formagmas, the characteristic
Stokes numbers of the simulation are small (10−4 b ST b 10−2), which
indicates a strong coupling between fluid and particles. The relative ve-
locity vf is thus strongly controlled byfluid–particle drag. As particle vol-
ume fraction decreases, so does the drag force, and higher relative fluid
velocities are possible within the dense suspension. The same mecha-
nism holds for vp because of themonotonic relationship between lubri-
cation forces and particle concentration. At low concentrations, particles
can achieve higher relative velocities before lubrication forces dissipate
the particles kinetic energy.We expect that the observed correlation be-
tween vf and vp breaks down for flows featuring high Stokes numbers,
such as pyroclastic flows.

The 2D geometry used in these simulations has been shown to affect
the results obtained by both numerical (e.g. Li et al., 2014; Peirano et al.,
2001) and experimental studies on dense suspension dynamics
(e.g., Courrech du Pont et al., 2003). It reduces the degrees of freedom
that particles have to move relative to each other, which can potentially
increase the particle relative velocities compared to the 3D case. To test
the influence of the 2D geometry, we ran partial simulations of the set-
tling runs 1A and 1B with a 3D geometry by imposing a width to the
tank,W, of ten particle diameters (W≈ 10 dp), with the same boundary
conditions as the 2D simulations. Fig. 6 displays snapshots of these sim-
ulations captured after 22 s of sedimentation. The 3D results do not ex-
hibit the enmasse bed sedimentation associatedwith the formation of a
large plume that characterizes the 2D simulations. Sedimentation is in-
stead characterized by multiple thinner plumes, which is more consis-
tent with the experimental results of Michioka and Sumita (2005).
This is probably due to the third spatial dimension involved, which
smooths the local particle volume fraction and hinders the emergence
Table 3
Parameters used for the simulations involving the injection of crystal-free basalt inside a basal

Run ηf (Pa s) dp (m) ρp (kg m−3) ρf (kg m−3) Bed size (m × m)

2A 0.2 4 ± 0.2 10−3 3300 2650 0.96 × 0.40
2B 0.2 4 ± 0.2 10−3 3300 2650 0.96 × 0.40
of the fluid-rich gaps that characterize 2D simulations. The time delay
observed between the run involving lubrication (Fig. 6 A) and the one
neglecting it (Fig. 6 B) is less pronounced than the lag observed with
the 2D simulations. This suggests that the effect of lubrication forces is
overestimated with a 2D geometry.

3.2.2. Experiment 2: injection of a fresh magma into a magmatic mush
Previous studies (Bergantz et al., 2017, 2015; Schleicher et al., 2016;

Schleicher and Bergantz, 2017) have shown that the local injection of a
crystal-free magma inside a mush produces a localized fluidized area
delimited by soft faults called the mixing bowl where mixing between
injected and resident melts occurs within the resident crystal cargo.
To test the role of lubrication forces in such a situation, we performed
numerical simulations that keep the same particle and fluid properties
these authors used (see Table 3). The dimensions of the bed and injec-
tion width were, however, reduced to limit computation duration. We
conserved the same ratio between the injection velocity, Uinj, and the
minimum fluidization velocity, Umf, predicted by (Cui et al., 2014) as
the one they used (Uinj = 9.3 Umf). We performed two simulations
that are summarized in Table 3. Simulation 2A took into account both
normal and tangential lubrication forces. Simulation 2B did not involve
lubrication, and thus corresponds to the original case explored by
Bergantz et al. (2015) with higher coefficients of restitution. Two addi-
tional simulations that mimic lubrication by using low restitution coef-
ficients identical to those of Bergantz et al. (2015) have a behavior
intermediate to those of 2A and 2B and are discussed in details in the
supplementary material SIE.

Overall, simulations 2A and 2B exhibit the same kind of differences
as observed in experiment 1. Both runs have very similar kinematics
and dynamics during the ascent of the injected magma. They both
start with the initial growth of a cavity just above the inlet. We did
not observe any difference between the simulations up to this point.
An instability then forms at the top of the cavity once the cavity area
is large enough, and the cavity rises through the mush. Fig. 7 displays
snapshots of the simulations after 9.8 s of injection when the cavity
reaches the top of the bed in run 2B. Each simulation ends with the es-
tablishment of a pulsating quasi-steady chimney between two counter-
rotating ‘granular vortices’. Run 2A presents a delay compared to run 2B
tic mush.

en et Injection width (m) Injection velocity (m s−1) Lubrication

0.7 0.35 0.16 0.023 Yes
0.7 0.35 0.16 0.023 No



Fig. 7. Snapshots of experiment 2 simulations. All simulations are displayed at the same time step, after 9.8 s of injection. The color code indicates the local particle volume fraction,which is
in blue at its maximum and red when the cell only contains fluid. [A] Simulation involving lubrication (2A). [B] Simulation without lubrication (2B).

Fig. 8. Evolution of the critical relative particle concentration as functions of the angle β
and the ratio evp=fvf . All curves correspond to the values of the critical concentration at

which ST evp=S0fvf = 1. Their colors depend of the imposed ratio evp=fvf . Each curve
presents a minimum critical concentration when the relative motion of the particle is
nearly normal (β → 0), and a maximum at a relative particle concentration of ~1 when
the relative motion is purely tangential (β = 90°).
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because of lubrication forces (Fig. 7 A–B). The delay between runs 2A
and 2B increases during the rise of the unstable cavity within the
mush. An accumulated time difference of 1.1 s is observed between
the two simulations when the injected magma reaches the top of the
mush bed.

3.3. Interpretation

Fig. 2 shows that the scaling relationships we propose can discrimi-
nate under which conditions lubrication forces are important. Their im-
portance in controlling the dynamics of a dense suspension depends on
the interplay of hydrodynamic stress exerted by the carrier phase, the
velocity fluctuations among the solids, and the local particle concentra-
tion. The importance of drag and lubrication forces are inversely propor-
tional to ST and SO, respectively. In general, when ST ≪ 1 and SO ≪ 1, the
buoyancy force is negligible. This is usually the case for magmatic mix-
tures, which are characterized by high viscosities and small crystal sizes.
The relative importance of lubrication forces over the drag force is
expressed in the ratios ST/SO and evp= evf . Our simulations show that evp
and evf coevolve when ST ≪ 1, and that � 0:1b evp= evf b � 1 (Fig. 4 B).
This ratio does not vary significantly with the particle volume fraction.
On the contrary, the ratio ST/SO depends on the particle volume fraction
and tends to infinity when approachingmaximum packing. The ratio ST

evp=SO evf is equal to2αA
evpevf
, which is a function of the solid concentration

and the incidence angle β. Fig. 8 displays curves of critical particle con-
centrations at which the transition between dynamics dominated by
the drag or lubrication forces occurs (ST evp=S0 evf =1). Above the critical
concentration, lubrication forces have a larger magnitude than the drag
force, and produce an apparent strain hardening at the onset, or at the
end, of motion within the crystal network. Below the critical concentra-
tion, lubrication forces have a lower magnitude than the drag force and
have only a marginal effect on dynamics as highlighted in our simula-
tions (Fig. 3).

4. Discussion

4.1. Influence of crystal size and shape polydispersity

We represent crystals as spheres with a unimodal size distribution.
This is not the case in magmatic systems, where crystal size
distributions (CSD) are polydisperse and often polymodal, and crystals
are not spherical (Higgins, 2006; Higgins and Roberge, 2003; Marsh,
1988; Picard et al., 2011). The particle aspect ratio affects the rheology
of crystal-bearing magmas (Cimarelli et al., 2011; Mueller et al., 2011,
2010; Picard et al., 2011; Mader et al., 2013; Moitra and Gonnermann,
2015). Both drag and lubrication forces become non-uniform around
the crystals and depend on the orientations of the elongated particles
(Bergantz et al., 2017). The relationship between particle shape and
drag also influences their terminal fall velocity (Dellino et al., 2005).
This last effect can be added into the numerical simulations by introduc-
ing a shape factor on the drag expression (Dioguardi et al., 2014). Some
methods also exist to incorporate the particles shape within lubrication
expressions, but they require additional iterations to find theminimum
gap position and principal curvature direction between two elongated
particles (Claeys and Brady, 1993; Janoschek et al., 2013). This



Table 4
Parameter ranges used for the Monte-Carlo analysis. Ranges were chosen to represent
possible conditions encountered inmagmatic systemswhile remaining in the validity do-
main of our analysis.

Parameter Lower bound Upper bound

ρp (kg m−3) 2700 3300
ρf (kg m−3) 2450 3300
dp (m) 10−4 5.10−3

ηf (Pa s) 101 104

φ/φmax 0.5 0.99999
β (°) 0 90
vp (m s−1) 10−6 10−1

vf (m s−1) 10−6 10−1
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calculation needs to be performed at each DEM time step and for each
particle pair, which increases the computational cost of the simulations.
Contact forces are not included within our scaling but are nevertheless
present in nature and within the simulations. For non-spherical parti-
cles, the contact torques between non-spherical particles depend on
the contact position and orientation (Bergantz et al., 2017). Our results
and conclusions are therefore valid for spherical particles and are to be
extended with caution to natural systems.

We employed three distinct but close particle sizes in order to avoid
artificial shape ‘crystallization’. This cannot be viewed as representative
of the polydispersity present in natural systems. The CSD is an impor-
tant parameter that controls the dynamic of the particles because each
force and dimensionless number we considered depends on particle di-
ameter. CSD also affects themaximumpacking fraction that a dense sus-
pension can reach. Maximum packing increases when the suspension is
polydisperse, and, Apollonian packing aside, it ismaximalwhen the CSD
is bimodal with ~25% of fine particles and ~75% coarse particles
(Ouchiyama and Tanaka, 2002; Farr and Groot, 2009; Faroughi and
Huber, 2014). The effect of polydispersity on the force balance is not ob-
vious because a high degree of polydispersity decreases particle bed
permeability but increases the coordination number and thus the num-
ber density of lubricated bridges.

4.2. Comparison with other studies

Relationships exist to scale the competition between lubrication and
friction in dense suspensions (Coussot and Ancey, 1999; Fernandez
et al., 2013; Ness and Sun, 2015). These works motivated Bergantz
et al. (2017) to scale the transition between dynamic regimes domi-
nated by either friction or lubrication in magmas (we call here the di-
mensionless number characterizing the lubrication/friction transition
the Leighton number, Le, to distinguish it from the Sommerfeld number
we propose). At low Le, particles are in direct contact and at large Le,
particles are separated by a lubricationfilm. This number is proportional
to the distance between particle edges and fails to properlymeasure the
importance of lubrication when particles tend to be far away from each
other (Fernandez et al., 2013). It is thus unable to capture the transition
between dynamic regimes where crystal motions are governed by ei-
ther the lubricated film or melt motions that are further afield. In our
formulation, however, lubrication is inversely proportional to SO and
to the distance between the particles. It thus properly scales the transi-
tion between lubricated and hydrodynamic regimes but fails to predict
the onset of frictional behavior. The two scaling numbers are thus com-
plementary to describe all the regime transitions that can be encoun-
tered in magmatic mush.

Our observations on the effect of lubrication on themacroscopic dy-
namics of amagmaticmush fit well with the results ofMutabaruka et al.
(2014) on the initiation of motion in immersed granular avalanche.
They observed the formation of a strain hardening followed by relaxa-
tion associated with dilation of the solid network when the initial parti-
cle concentration tends towards its maximum. At the initiation of the
granular avalanche, they observed bed expansion when the initial par-
ticle concentration is higher than ~0.59. This corresponds to ratios Ф/
Фmax N 0.92 withФmax=0.64. This illustrates well the importance of lu-
brication forces at the onset of motion of dense suspensions.

4.3. Implication on magma rheology and magmatic system dynamics

As in our experiments, magmatic mixtures are characterized by low
Stokes numbers, ST ≪ 1, which indicates strong coupling between crys-
tals andmelt (Burgisser et al., 2005). Because of this dynamic similarity,
we expect that our simulations illuminate the role of lubrication forces
on mush dynamics and rheology. The rheology of magmas and mushes
is now often studied by shearing or uniaxial compression experiments
under high temperature and high confining pressure (e.g. Caricchi
et al., 2007; Champallier et al., 2008; Laumonier et al., 2014, 2013;
Lavallée et al., 2013, 2007). Capturing lubrication in such experiments,
however, is challenging for several reasons. Our results show that lubri-
cation effects appear when the crystal network is free to expand in re-
sponse to deformation. Experiments involving water-bearing melts
(e.g., Caricchi et al., 2007), however, feature ametal jacket that encloses
the sample and prevents such dilation. This suggests that jacket-free ex-
periments typical of uniaxial apparatus (e.g., Lavallée et al., 2007) have
better chances to evidence lubrication. Bulk viscosities are determined
using experimental data acquired when an apparent steady state is
reached, which leaves out the initial transient response to the imposed
constraint. Our results show that lubrication forces under quasi-steady
state are weaker than other hydrodynamic micro-scale processes. It is
not the case, however, when deformation is transient. This suggests
that lubrication could be captured in shearing or compression experi-
ments performed on samples near maximum packing during the initia-
tion of shearing or during an abrupt change of the imposed shear rate.
Initial non-linear increases in the stresses and apparent viscosities are
well documented (Caricchi et al., 2007; Champallier et al., 2008;
Lavallée et al., 2007). As these effects are observed for all particle con-
centrations (Champallier et al., 2008), they are inferred to reflect the
combined effects of the elastic response of the experimental apparatus
and of the initial reorganization of the particles in the pre-compacted
sample (Lavallée et al., 2007). Our results suggest that these early
non-linear stress responses and those following changes in applied
strain rates might contain yet unexploited information on lubrication.

To identifywhichdegrees of freedomcontrol lubrication undermag-
matic conditions, we performed a Monte-Carlo analysis by varying the
variables present in Eq. (1) over possible ranges encountered in
magmas and mushes (Table 4). Fig. 9 A displays the results in a format
that recovers the same phase-space as that of Fig. 2. We report in
Fig. 9 B–F the probability density distribution of the variables involved
in the realizations where lubrication is the dominant force. Lubrication
effects are expected to appear more often with small crystals rather
than large ones (Fig. 9 B). It is not surprising because lubrication forces
depend linearly on crystal diameter whereas the terminal velocity de-
pends on the square of it (Eq. (5)). Thedependence on themelt viscosity
shows that highly viscousmelt aremore likely to be in lubricated condi-
tions (Fig. 9 C). As expected from our scaling, the two main parameters
that control the importance of lubrication are the relative velocities be-
tween the crystals and the surroundingmelt (Fig. 9 D and F). These two
parameters may be very difficult to measure during experiments on
magma rheology as they are dynamical properties. This is a reminder
that the rheology of magmas and mushes depends greatly on such dy-
namic properties in addition to materials properties, which are the
only ones often reported and used in studies treating magma rheology
as a single fluid. The relative velocities between crystals andmelt affects
the time crystals have to respond to changes in chemical environment
during mush unlocking. Owing to experimental limitations and to the
strong tendency that multiphase suspensions have to foster particle
gathering and dispersal when subjected to shear, such transient mo-
tions are difficult to appraise. Their understanding is nevertheless



Fig. 9. Exploration of the importance of lubrication in magmatic context. (a). Results of the Monte-Carlo analysis. Results are reported on logarithmic scales with the ratios A vp/UT as
abscissa and vf/2 α UT as ordinate. We report only 104 of the 106 total realizations for clarity. Each dot corresponds to a realization and its color depends on the force with the highest
magnitude. Realizations dominated by buoyancy, drag, or lubrication are indicated by red, blue, or green dots, respectively. [B–F] Probability density distributions (pdd) of the
parameters involved in realizations where the lubrication forces dominate the others. We only reported the distributions of crystal diameter [B], fluid viscosity [C], particle relative
velocity [D], the ratio of the particle volume fraction [E], and the relative velocity between the particle and the fluid [F].
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crucial to fully describemagma rheology and to predict the rate and du-
ration of dynamic remobilization processes within magmatic systems.

Silicic magma bodies are thought to be formed by several incre-
ments of injected magma (Annen and Sparks, 2002) that cool, degas,
and crystallize to reach a mushy state (Bachmann and Bergantz,
2004). In such systems, several scenarios have been evoked to explain
eruption triggering. One is the rejuvenation of themagmaticmush asso-
ciated with the injection of crystal-poor magmas (e.g. Pallister et al.,
1992; Tomiya and Takeuchi, 2009). Another is the reactivation of the
magmatic mush resulting from the emplacement of a hot batch of
magma at the base of the crystal mush, which heats it up and melts
the mush crystals to produce a mobile layer that eventually becomes
unstable and ascends through the mush (Burgisser and Bergantz,
2011). Yet another scenario is crustal faulting that causes deep fragmen-
tation of mushmaterials (Gottsmann et al., 2009). Each of these scenar-
ios requires the initiation of motion within the mush. Our simulations
have shown that lubrication forces produce strain hardening followed
by softening during such event. These forces likely play an important
role in controlling the ascent rates and timescales of magmas within
the crust. Neglecting them could result in underestimating the resis-
tance of the mush to the arrival of mobile magma. For instance, a
magma batch ascending through a mush needs to continuously initiate
the motion of the overlying crystals in order to open and penetrate the
mush. Lubrication forces are opposed to this process and therefore slow
down the ascent of themagma batch. In addition, the ascendingmagma
batch is expected to form a fluidized chimney in its wake (e.g. Girard
and Stix, 2009). Our results show that lubrication forces are important
when the crystal-bearingmagma is approaching jamming, a result con-
sistent with other numerical and experimental results. These forces op-
pose the closing and clogging of the fluidized chimney, which tends to
maintain the feeding system of the ascending batch. The overall effect
of lubrication forces on such phenomena is thus a complex combination
of both effects that needs further exploration because it bears on our ca-
pability to accurately predict timescales of magmatic mushes dynamics.
5. Conclusions

Using numerical simulation, we demonstrate that lubrication forces
cannot be neglected when a magmatic mush exits or enters a jammed
state. Our numerical experiments of sedimentation and remobilization
of packed particle beds notably show that an apparent bulk strain hard-
ening is produced by lubrication forces,which results in belated dynam-
ics.We propose scaling relationships that highlight the dominant role of
lubrication forces as the cause of the strain hardening and softening ob-
served. This scaling leads us to propose a new formulation of the
Sommerfeld number to scale the transition between hydrodynamic
and lubricated regimes. Our formulation is complementary to that pre-
viously used in the literature aimed at capturing the transition between
frictional and lubricated regimes. The two formulations can predict the
overall transitions in dynamic regimes that a magmatic mush can be
subjected to. Understanding lubrication has implications on the time-
scales of magmatic mush processes that control crystal thermal
histories.
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